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Abstrat
A saddle-node bifuration asade is studied in the logisti equation, whose bifura-
tion points follow an expression formally idential to the one given by Feigenbaum
for period doubling asade. The Feigenbaum equation is generalized beause it rules
several objets, whih do not have to be orbits. The outome is that an attrator of
attrators appears, and information about the birth, death and saling of windows
is obtained.
Key words: Saddle-Node bifuration asade. Attrator of attrators. Generalized
Feigenbaum equation. Saling windows. Saling Myrberg-Feigenbaum points.
Bifuration rigidity.
1 Introdution
The study of the logisti equation
xn+1 = f(xn) = rxn(1− xn) 0 ≤ r ≤ 4 (1)
bears relevane beause it is a simple expression with a numerial and theo-
retial easy use that at the same time shows universal and varied behaviors.
It is enough to mention the patterns of periodi orbit, found by Metropolis,
Stein and Stein [1℄, or the Feigenbaum asade [2,3℄, the aumulating point
of whih was disovered by Myrberg [4℄.
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As all quadrati maps are topologially onjugate [5℄ we an just fous the
study in one of them. On the other hand, the iterated one-dimensional maps,
under rather general onditions, are nearly quadrati if they are renormalized
[6℄. As a onsequene, the work done with the logisti equation an be gener-
alized to other maps. Therefore, any progress that makes lear the hierarhies
of bifurations and the struture of this equation helps to the extension of our
knowledge of dynamial systems and the understanding of other assoiated
phenomena.
Within the study of the logisti equation the identiation and organization of
orbits is outstanding, that is, its organization and hierarhies in more detailed
strutures whih are self-similar. It is also relevant to establish in whih order
they are reated, and from whih kind of bifuration, as well as, for whih
parameter values the orbits prevail [7,8,9,10℄. In short, it is a question of
establishing the struture of periodi windows, a question to whih we want
to ontribute.
The study of the logisti equation is also important in Physis, both as a
model [11℄ and beause it helps to alulate magnitudes whih desribe er-
tain physis proesses: Lyapunov exponents and topologial entropy. From an
experimental point of view the spotting stable orbit would allow the experi-
menter to loate himself in a stable region, whih is lose to phenomena that he
wants to observe: bifurations and several kinds of haos. On the other hand,
the periodi orbits allow us a semilassial approah of quantum mehanis
[12℄. Therefore, the progress in the understanding, in its mathematial aspet,
of periodi orbits helps to the theoretial and experimental development of
Physis.
Lately, an area of the study of appliation of logisti equation has foused on
the distribution of periodi windows, their widths, their loations and its bi-
furation diagram [13,14℄, learly linked to entral question, above mentioned,
of establishing whih is the omplex struture of those windows. Similarly,
we want to ontribute with our work, in whih we will show a saddle-node
bifuration asade. This is a sequene of saddle-node bifurations (tangent
bifuration), with a reurrene law idential to the one Feigenbaum found for
period doubling asade, whih we will allow us to a) alulate the parameter
values where the windows are born and die, and therefore their length, b) the
identiation and organization of orbits in windows, ) spot the aumulating
point of a saddle-node bifuration asade, in whih there will be haos.
The works by Feigenbaum [2,3,15℄ and Hunt et al. [14℄ are the ornerstones
to get the above mentioned points. The rst one will be fundamental in the
numerial, geometrial and theoretial interpretation of the results, meanwhile
the seond one will be so for the theoretial reonstrution of the behavior of
the logisti equation as shown in its numerial analysis.
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This paper is organized as follows:
In setion II numerial results are shown. These results suggest that in an
arbitrary period-j window, the birth of suessive period-q ∗ 2n saddle-node
orbits sale in the same way as in a Feigenbaum asade. In general, inside the
same period-j window, there will be several saddle-node bifuration asades
with the same basi period q.
In setion III we get the theoretial explanation of these properties. In the
proess we will nd that not only the period doubling asade and saddle-
node bifuration asade sale in the same way but also that it is typial of
other sequenes whih appear in the logisti equation, suh as aumulating
points of Myrberg-Feigenbaum points.
In setion IV, and following the work by Feigenbaum for the period doubling
asade, we develop a similar work for saddle-node asade whih ends up in
Feigenbaum-Cvitanoviç equation. It allows to explain the self-similarity of it-
erated funtions and to generalize the results to polynomials with a maximum
other than quadrati.
The results of setion IV allow to generalize the bifuration rigidity Priniple
[14℄ whih is done in setion V.
Setion VI shows a rule to get the symboli sequenes of the saddle-node
bifuration asade orbits, as well as a rule to order some of them.
In the onlusion setion, some onnetions with a possible physial model
are shown, whih will most likely make the phenomenon t in the framework
desribed in this work.
2 Numerial results
In the logisti map the period-2n orbits stem from pithfork bifuration as-
ade: Feigenbaum asade. However, the period-q = 3, 5, 7, ..., 2n+ 1, .. orbits
stem from saddle-node bifurations (it is also possible to nd saddle-orbits in
whih q is even, but not power of two).
Let f q be the q-th iterated of f . When f q, f obtained from Eq. (1), has a
saddle-node bifuration q saddle-node xed points are generated at the same
time. The node and saddle points pull away from eah other when the ontrol
parameter is varied. Every q node point stands for an orbit, and eah orbit
will be, in turn, subjeted to a Feigenbaum asade. As result of that period-
q ∗ 2n orbits are born. However, there are period-q ∗ 2n orbits whih do not
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stem from a period-q orbit displaying pithfork bifuration, but from f q∗2
n
displaying saddle-node bifurations.
Whereas period-q ∗ 2n orbits dupliate their period beause of Feigenbaum
asade as the parameter r is inreased in Eq. (1), ontrary to what happens
with saddle-node orbits. So, there is a period-3 saddle-node bifuration at
r3 = 1 +
√
8 [16℄ (see Fig. 1). If r is inreased, to get the point of pithfork
bifuration, a period-3 ∗ 2 orbit is generated. A further inrease will generate
a new pithfork bifuration and a period-3 ∗ 22 orbit. A Feigenbaum asade
is taking plae inside a period-3 window
On the ontrary if we derease r from r3 = 1+
√
8 the period-3 orbit vanishes
thus generating a saddle-node-3 ∗ 2 period at r3∗2 ∼= 3.6265 (see Fig. 2). If
r is dereased further the saddle-node period-3 ∗ 2 orbit vanishes, and so a
saddle-node period-3 ∗ 22orbit is generated at r3∗22 ∼= 3.5820 (see Fig. 3). A
period-3, 3 ∗ 2, 3 ∗ 22, .., 3 ∗ 2n, ... saddle-node bifuration asade takes plae.
Refer to Table 1 for several birth saddle-node orbit values. We an see that
this saddle-node bifuration asade is taking plae at a anonial window,
whereas pithfork bifurations are taking plae at a period-3window.
Following Feigenbaum [2℄ let's dene
δ3∗2n =
r3∗2n+1 − r3∗2n
r3∗2n+2 − r3∗2n+1
and
α3∗2n = − d3∗2
n
d3∗2n+1
where r3∗2n is the value of r at whih a period-3 ∗ 2n orbit is reated. And for
this same saddle-node orbit we dene d3∗2n as the distane from x =
1
2
to the
nearest saddle-node point.
In Table 1 estimates of αn and δn for several values of n are shown, whih
apparently approah the δ = 4.66920160.. and α = 2.50290787... Feigenbaum
onstants. Similar results are reahed if we repeat the proess for the saddle-
node period-5, 5 ∗ 2, 5 ∗ 22, .., 5 ∗ 2n, .. orbit, as shown in Table 2.
The former two ases relate to saddle-node bifuration asade at a anonial
window, but the same kind of results are obtained working with other windows.
For instane, inside a period-3 window a saddle-node bifuration asade an
be generated, that is, period-3, 3∗2, 3∗22, .., 3∗2n, .. orbits are reated at this
window. Nevertheless, it relates to period 3 ∗ 3, 3 ∗ 3 ∗ 2, 3 ∗ 3 ∗ 22, .., 3 ∗ 3 ∗ 2n, ..
orbits for the original map Eq. (1). If this same asade was generated at
period-5window period-5 ∗ 3, 5 ∗ 3 ∗ 2, 5 ∗ 3 ∗ 22, .., 5 ∗ 3 ∗ 2n, .. orbits would
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be reated at a anonial window. In both ases, as shown in Tables 3 and 4,
again we have the same onvergene to the δ Feigenbaum onstant.
Let's emphasize that the saddle-node period-5∗3 orbit is a saddle-node period-
3 orbit whih displays at a period-5window; dierent from a saddle-node
period-15 displayed at a anonial window, and dierent from a saddle-node
period-3∗5 orbit, as well, the latter being born as a saddle-node period-5 orbit
at a period-3 window .
As well as numerial similarity with Feigenbaum's work, there is another ge-
ometrial one. As shown in Figs. 1, 2 and 3 the graph of f 3(Fig. 1) is repli-
ated in the neighborhood of (1
2
, 1
2
), for any orbit of the period-3, 3 ∗ 2, 3 ∗
22, .., 3 ∗ 2n, ... saddle-node bifuration asade. The same phenomenon an be
notied in other ritial points of f 2
n
lose to the line y = x. These geometri-
al results apply not only to a 3, 3 ∗ 2, 3 ∗ 22, .., 3 ∗ 2n, .. asade, but also to
q, q ∗ 2, q ∗ 22, .., q ∗ 2n, .. q 6= 2m asades.
The geometrial, as well as the numerial, phenomenon apply not only to a
anonial window, as shown in Fig. 4, where the 3, 3 ∗ 2, 3 ∗ 22, .., 3 ∗ 2n, ..
asade is at the period-5window.
Summarizing, what the numerial results suggest is that for a given saddle-
node bifuration, where a period-q 6= 2m orbit is reated, there is a saddle-
node bifuration asade where period-q ∗ 2n orbits are reated. Let rq∗2n n =
0, 1, 2, 3, ... be the value of r at whih a period-q ∗ 2n saddle-node bifuration
is reated. As r is dereased from rq the dierent bifuration values appear as
... < rq∗2n < ... < rq∗2 < rq
resulting in
δ = lim
n→∞
δq∗2n = lim
n→∞
rq∗2n+1 − rq∗2n
rq∗2n+2 − rq∗2n+1 (2)
and
α = lim
n→∞
αq∗2n = lim
n→∞
(
− dq∗2n
dq∗2n+1
)
(3)
where α, δ are Feigenbaum's onstants, and dq∗2n the distane from x =
1
2
to
the nearest saddle-point at r = rq∗2n .
As well as in the Feigenbaum asade, when three onseutive values rq∗2bin−3 , rq∗2n−2 , rq∗2n−1are
given the following bifuration value rq∗2n an be approximately predited.
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This result is important beause the values where saddle-node bifuration ap-
pear are the values where period-q ∗ 2n windows are born. Therefore, we an
spot the birth of period-q ∗ 2n windows, one we have found three onseutive
bifuration values. In addition, it is possible to know how the lower endpoints
of suh periodi windows sale.
The Eq. (2) and (3) allow us to alulate what it is happening in the non-
primary windows, beause eah period-q∗2n window, reated in a saddle-node
bifuration, neessarily mimis the anonial window.
3 Generalization of Feigenbaum's formulas
3.1 Saddle-Node bifuration asade
Following Feigenbaum work, let be the sequene
r1, r2, r3, ....., rn..... (4)
made up by values of r, for whih Eq. (1) shows a pithfork bifuration. If the
sequene is ordered in suh a way that a period-j ∗ 2n orbit is reated at rn,
being j the original orbit period, aording to Feigenbaum [2℄ there exist the
limits
δ = lim
n→∞
rn+1 − rn
rn+2 − rn+1 = limn→∞ δn (5)
r∞ = lim
n→∞
rn
From the former limits, the expression
rn+1 =
1
δ
rn + (1− 1
δ
)r∞ (6)
follows, valid for n > N , being N big enough.
For further development it is neessary to write Eq. (6) in terms of the bounds
of an interval and we an do so by using a period-j window originating from
a saddle-node bifuration. r = rj,ini is the lower bound of the window and
r = rj,end the upper bound. The window has a Myrberg-Feigenbaum point
r∞,j, where a period-j ∗ 2nasade nishes. Then, as Eq. (6) there is an rN,j
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so that for every rn,j aomplishing rN,j ≤ rn,j ≤ r∞,j the equation
rn+1,j =
1
δ
rn,j + (1− 1
δ
)r∞,j (7)
is aomplished.
With this posing, the lineal Eq. (6) turns to lineal Eq. (7), whih is aom-
plished in the subset [rn,j; r∞,j] ⊂ [rj,ini; rj,end].
We know that bifuration points rn,j of doubling-period asade sale as Eq.
(7). We are going to prove that bifuration points of saddle-node bifuration
asade, whih have been enountered numerially, esalate as Eq. (7) too,
that is
rq∗2n+1,SN,j =
1
δ
rq∗2n,SN,j + (1− 1
δ
)r∞,j
at rq∗2n,SN,j the funtion f
j
bifurate to a saddle-node period-q ∗ 2n orbit.
To get this result the Eq. (7) must extend to interval [rn,j; rq∗2n,SN,j]. Aord-
ingly let's take the interval [rn,j; rq∗2n,SN,j] ⊂ [rj,ini; rj,end], whih holds the
interval [rn,j; r∞,j] where Eq. (7) is aomplished.
The key of proof is to hose two intervals [rn,j; rq∗2n,SN,j] and[rn+1,j; rq∗2n+1,SN,j],
whose bounds are bifuration points of f j. Both intervals will be related lin-
early. The Eq. (7) shows that the lower bound of an interval is linearly trans-
formed in the lower bound of the other interval. By the uniqueness of linear
transformation between both intervals, the upper bounds are linearly trans-
formed by Eq. (7).
Starting from [17℄, Hunt et al. [14℄ demonstrated the following priniple:.
Priniple 1: Let X and Λ be ompat intervals. For a typial C3 family maps
f : X × Λ → X and a typial superstable period n orbit with ritial point
(x0,λ0), there is a linear hange of oordinates that onjugates f
n
near (x0,λ0)
to the quadrati family y 7−→ y2 − c in the square [−2.5, 2.5]× [−2.5, 2.5] to
within an error ε in the C2 norm, where ε→ 0 as n inreases.
Priniple 1 shows that lose to ritial point the bifuration diagram for a
window an be linearly transformed into a anonial bifuration diagram.
Let's see Fig. 4. The rst element of the 3 ∗ 2m saddle-node asade is shown.
In the neighborhood of x = 1
2
of Fig. 4 the graph of f 3 is seen (Fig. 1).
The graph of f 5 has been superimposed, whih has a paraboli shape in the
neighborhood of x = 1
2
. If we expanded f 5 in the neighborhood of ritial
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point x = 1
2
it would turn into a quadrati polynomial, whih if iterated three
times it would look like a graph of f 3 as shown in Fig. 4. The same happens
for all ve ritial points of f 5, eah one of whih would have a graph of f 3
tangent to line y = x,and the result would be a period-3 ∗ 5 = 15 orbit in the
anonial window.
Priniple 1 suggests that the bifuration diagram (of quadrati approximation
of f 5 lose to ritial point) is linearly transformed into anonial bifuration
diagram. This linear transformation turns value r , whih aounts for graph
of f 3in Fig. 4, into value r whih aounts for graph of f 3 in Fig. 1.
As said before we formulate the following priniple:
Priniple.- In a period-j window, saddle-node bifuration asades sale by
rq∗2n+1,SN,j =
1
δ
rq∗2n,SN,j + (1− 1
δ
)r∞,j
Proof.
If the bifuration diagram of f j in [rn,j; rq∗2n,SN,j] and the f
2∗j
in [rn,2∗j ; rq∗2n,SN,2∗j]
are onsidered, aording to Priniple 1 there will be
i) A linear transformation that maps bifuration diagram of f j in [rn,j; rq∗2n,SN,j]
onto anonial bifuration diagram of f in [rn,1; rq∗2n,SN,1], let this be hj . At
rn,1 the nth pithfork bifuration of f ours. At rq∗2n,SN,1a period-q ∗ 2n
saddle-node bifuration of f ours.
ii) a linear transformation that maps bifuration diagram of f 2∗j in [rn,2∗j ; rq∗2n,SN,2∗j]
onto bifuration diagram of f in [rn,1; rq∗2n,SN,1], let this be h2j .
Therefore, in the parameter spae, there will be a linear transformation h−12j ◦hj
that maps the bifuration diagram of f j in [rn,j; rq∗2n,SN,j] onto bifuration
diagram of f 2∗j in [rn,2∗j; rq∗2n,SN,2∗j]. As the bifuration diagram of f
2∗j
in
[rn,2∗j ; rq∗2n,SN,2∗j] oinides with bifuration diagram of f
j [rn+1,j; rq∗2n+1,SN,j],
the result is that the linear transformation h−12j ◦ hj maps the bifuration dia-
gram of f j of [rn,j; rq∗2n,SN,j] onto the bifuration diagram of f
j
in [rn+1,j; rq∗2n+1,SN,j].
Let's notie how Eq. (7) is a linear transformation that maps the interval
[rn,j; r∞,j] onto [rn+1,j; r∞,j]. As the linear transformation is unique, the lin-
ear transformation h−12j ◦ hj within the limits of [rn,j; r∞,j] ⊂ [rn,j; rq∗2n,SN,j]
must oinide with Eq. (7), i.e., rn+1,j = h
−1
2j ◦ hj(rn,j) = 1δ rn,j + (1 − 1δ )r∞,j.
However, the linear transformation is aomplished on the whole interval
[rn,j; rq∗2n,SN,j]and not only on the [rn,j; r∞,j] ⊂ [rn,j; rq∗2n,SN,j] where a pith-
fork bifuration asade ours. By applying the same lineal transformation
8
to upper bound of interval the expression
rq∗2n+1,SN,j =
1
δ
rq∗2n,SN,j + (1− 1
δ
)r∞,j (8)
results.
For that reason it is demonstrated that bifuration parameter values in saddle-
node bifuration asade are governed by the same relation that governs
Feigenbaum asade as shown in Eq. (6). Aordingly, the onvergene on
δof Feigenbaum
δ = lim
n→∞
δq∗2n = lim
n→∞
rq∗2n+1 − rq∗2n
rq∗2n+2 − rq∗2n+1
suggested by numerial results is satised.
Obviously a saddle-node bifuration asade in a anonial window esalates
in the same way as in a period-j window, as a result of the linear relation
between the bifuration diagram of one window and the other aording to
Priniple 1.
3.2 Non-uniqueness of Saddle-Node bifuration asade
Most of the times, f j will have saddle-node bifurations not only for a single
value of r but for several (although f 3 has only one saddle-node bifuration).
Therefore, the interval [rn,j; rq∗2n,SN,j] used to obtain the Eq. (8) will not be
unique, as there will be dierent values rq∗2n,SN,j, with xed q, n, j, for whih
f j has saddle-node bifuration. That means, there will be dierent values
rq∗2n,SN,j, with xed q, n, j, aomplishing the same Eq. (8). Therefore, the
saddle-node bifuration asade that esalates as Eq. (8) will not be unique
either. Although saddle-node orbits will have the same period q ∗ 2n.
For instane, f 6 shows three dierent 6 ∗ 2n saddle-node bifuration asades,
and none of them is related with the 3 ∗ 2n+1 saddle-node asade, although
all of them have orbits with the same periods. As shown in Table 1, it is
obvious that f 6 has a saddle-node bifuration at r ∼= 3.6265, but it must not
be understood that a 6 ∗ 2n saddle-node bifuration asade starts at this
point, but it must be onsidered as the seond element of the 3 ∗ 2n asade,
sine the graph of f 3 appears in the neighborhood of the ritial points of
f 2nearest to line y = x (see Fig. 2). The following element of the 3∗2nasade
ours at r ∼= 3.5820 (see Fig. 3), where the same gure is repeated 22 times.
However, f 6 has saddle-node bifuration at r1 ∼= 3.9375, r2 ∼= 3.9779 and
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r3 ∼= 3.9976, and it is impossible for f 3 to have saddle-node bifuration at
these points. In eah of all three former points a 6 ∗ 2n saddle-node asade
starts. The following element of the respetive asades must reprodue the
graph of f 6 and dupliate its period, whih our at ra ∼= 3.6552, rb ∼= 3.6684
and rc ∼= 3.6767 respetively. Obviously, for these three new values f 12 has a
saddle-node bifuration, but as said before, it must not be understood as the
beginning of a 12 ∗ 2n asade, beause the graph of f 6 is repeated twie. In
Fig. 6 and 7 two elements of 6∗2n asade are shown, orresponding to r2 and
rb.
3.3 Other objets saling with Feigenbaum's relation
The reasoning followed to show the saddle-node bifuration asade saling
an be used with other objets . To do so, suh objets must belong to
a sequene, and later build intervals with the elements of the sequene in a
similar way to the proof of a saddle-node bifuration asade.
We an probe it with Myrberg-Feigenbaum points. To do so, let us onsider the
period-q ∗ 2nwindow n = 0, 1, 2, .. , born of a primary saddle-node orbit. Eah
window will have a Myrberg-Feigenbaum point r∞,q∗2n, where the Feigenbaum
asade nishes. Let us build the sequene
r∞,q,j, r∞,q∗2,j, ..., r∞,q∗2n,j (9)
that represents the parameter values of Eq. (1), in whih every one is the end of
a Feigenbaum asade in period-q, q ∗2, q ∗22, .., q ∗2n, .. windows respetively,
that is , Myrberg-Feigenbaum points. Period-q, q ∗2, q ∗22, .., q ∗2n, .. windows
are inside period-j window, beause of this the subindex j in Eq. (9). This
sequene is vital for the proof.
In proof of the saddle-node asade onvergene let [rn,j; rq∗2n,SN,j] and [rn,2∗j; rq∗2n,SN,2∗j]
be substituted by[rn,j; r∞,q∗2n,j] and [rn,2∗j; r∞,q∗2n,2∗j ]. Initially rq∗2n,SN,j used
to indiate the value of parameter for whih f j had a period-q∗2n saddle-node
orbit. Suh orbit will have a Myrberg-Feigenbaum at some value of r, whih
we represent by r∞,q∗2n,j. This is the value that appears in the new intervals,
and also in the sequene (9).
In order to demonstrate that the Myrberg-Feigenbaum points are governed by
r∞,q∗2n+1,j =
1
δ
r∞,q∗2n,j + (1− 1
δ
)r∞,j (10)
n > N , being N large enough, we simply need to rebuild the saddle-node
asade demonstration in the initial way, but with new intervals.
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Let's expound what Eq. (10) means. There will be saddle-node period-q ∗
2norbits inside a period-j window born of a period-j saddle-node orbit. After
the birth of these orbits at rq∗2n,SN,ja Feigenbaum asade ours, whih will
nish at Myrberg-Feigenbaum point r∞,q∗2n,j. Then, the Eq. (8), whih inter-
relates birth-point of period-q ∗ 2n orbits, is idential to the equation whih
interrelates the end-points where doubling-period asades of those same or-
bits nish.
The Eq. (10) brings more information about Myrberg-Feigenbaum points. It is
well known that the Myrberg-Feigenbaum point r∞,j is the aumulation point
of values r where pithfork bifurations our, beause a doubling-period as-
ade nishes at r∞,j. However, the Myrberg-Feigenbaum point r∞,jis not only
the aumulation point of Feigenbaum asade beause the Eq. (10) shows that
r∞,j is the aumulation point of Myrberg-Feigenbaum points r∞,q∗2n,j,that
is, Myrberg-Feigenbaum point r∞,j is the aumulation point of Myrberg-
Feigenbaum points of the period-q ∗ 2n q 6= 2m primary windows, whih have
been born inside period-j windows. As Myrberg-Feigenbaum points are at-
trators what we are in front of is an attrator of attrators of attrators of
...
The problem of the onvergene has not yet been ompleted. Let's notie that
at r∞,j not only a single sequene of Myrberg-Feigenbaum points onvergenes,
but innite ones, beause for eah q 6= 2m there is an assoiated sequene q∗2n
n = 0, 1, 2, 3, ..., and for eah sequene the same happens. The whole proess
is repeated for eah value of q 6= 2m.
The reasoning followed with Myrberg-Feigenbaum points an be applied to
other objets. The reader annot miss that if instead of hoosing Myrberg-
Feigenbaum points r∞,q∗2n,j, where a Feigenbaum asade nishes, we hoose
the point rq∗2n,end,j where the window started at rq∗2n,SN,jnishes then equation
rq∗2n+1end,j =
1
δ
rq∗2n,end,j + (1− 1
δ
)r∞,j (11)
n > N , being N large enough, will be the same.
Notie that three demonstration have been arried out for three dierent
points of a same window respetively, that is, rq∗2n,SN,j, r∞,q∗2n,j and rq∗2n,end,j,
initial point, intermediate point and nal point.
From the equations found we an answer part of the questions initially posed:
where windows begin and end, the answers to whih are given by Eq. (8) and
(11). From these results the relation between the length Lnof the period-q ∗2n
11
windows is obtained, beause by subtrating Eq. (8) and (11)
Ln+1=rq∗2n+1,end,,j − rq∗2n+1,SN,j = 1
δ
rq∗2n,end,,j − 1
δ
rq∗2n,SN,j =
1
δ
Ln
is obtained, that is,
δ =
Ln
Ln+1
(12)
This equation simply means that the quotient of the length of two intervals
whih are linearly transformed one onto other must be onstant. The onstant
δ must be the proportional fator in the lineal map, or else, how the lengths
of the two onseutive windows born of saddle-node bifuration asade are
ontrated. For the same reason, the equation
δ =
rq∗2n,end,j − rq∗2n,M,j
rq∗2n+1,end,j − rq∗2n+1,M,j (13)
applies.
Let's bear in mind that we are talking about period-q ∗ 2n windows, whih
sales in the same period-j window, and not about how a period-j window
sales with respet to a anonial window. Therefore there is no onit with
other theoretial results [13,17℄.
3.4 Generalized Feigenbaum's relation
Eqs. (8), (10) and (11) are idential to the Eq. (6), and they are valid for
r > r∞, meanwhile Eq. (6) is valid for r < r∞. We an express all these results
in only one equation and generalize the Feigenbaum equation (Eq. (6)) , by
writing
rn+1,j =
1
δ
rn,j + (1− 1
δ
)r∞,j (14)
where points rn,j show the elements of a sequene (pithfork bifuration, saddle
bifuration, Myrberg-Feigenbaum point, superyle or any other element to
whih the proof of saddle-node bifuration applies).
The Eq. (14), apart from being a generalization, informs us about the order
in whih the dierent elements of the sequene appear. The order will depend
on the parameter value rn,j being smaller or bigger than r∞,j.
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From the Eq. (14) we an dedue that if rn,j ≺ r∞,j then rn,j ≺ rn+1,j ≺ r∞,j,
on the ontrary if rn,j ≻ r∞,j then r∞,j ≺ rn+1,j ≺ rn,j. From whih we dedue
that if a bifuration ours for a value suh that rn,j ≺ r∞,j then the next
value of bifuration inreases, in the same way as for pithfork bifuration.
On the ontrary, when the bifuration ours for rn,j ≻ r∞,j then the next
values of bifuration dereases, in the same way as for saddle-node bifuration
asades.
In this ordering, part of these results are new. If we onsider rst-ourrene
orbits the former results turn out to be a partiular ase of a theorem (Theorem
2.10 in [8℄). However, the ordering shown in this setion deals with period-
j window, whih does not have to originate from rst-ourrene period-j
windows. For this reason, the ordering is not restrited to rst-ourrene
orbits and therefore it is not regarded in the Sharkovsky theorem.
On the other hand, the ordering that we have just shown is not restrited
only to orbits, as the Sharkovsky theorem, but it also applies to Myrberg-
Feigenbaum points and to other objets that are not orbits. An ordering whih
was hidden as far as we know.
Therefore the Eq. (14) enlarges the ordering to both new orbits and other
objets whih are not orbits.
Let's summarize the onlusions obtained in this setion for a period-jwindow:.
i) It is possible to spot the birth of a saddle-node period-q ∗ 2n orbit and
therefore to x the birth of period-q ∗ 2n windows from Eq. (8). This equa-
tion justies the numerial results shown in Tables 1, 2, 3 and 4, where the
onvergene to Feigenbaum δonstant is shown.
ii) Equally it spots where a period-q ∗ 2n window nishes from Eq. (11)
iii) Aording to the former two points the saling of windows related to
saddle-node bifuration asades is proved Eq. (12).
iv) The Feigenbaum equation (Eq. (6)) has been generalized, both in the range
of the parameter validity and in the objets to whih is applied
v) In partiular, the generalization of Eq. (6) is applied to Myrberg-Feigenbaum
points, showing that these points behave as an attrator of attrators.
vi) The generalization, applied to Myrberg-Feigenbaum points, allows us to
spot where the Feigenbaum asade of period-q ∗ 2n window nishes by means
of Eq. (10), or else, it shows the relative position of the attrators in whih
doubling-period asades nish.
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vii) The ordering of the objets governed by Eq. (14) is shown, and if they
happen to be orbits they do not have to be rst-ourrene orbits.
In this way, we aount for the question initially posed, about the birth, end,
saling and struture of the orbits.
4 Self-similarity and onvergene to Feigenbaum's α onstant
4.1 Self-similarity
In the numerial results we antiipated that the graph of f 3(Fig. 1), when
it has a saddle-node bifuration, is repeated in the neighborhood of point
(1
2
, 1
2
) both f 3·2 and f 3·2
2
, when f 3·2 and f 3·2
2
have also saddle-node bifuration.
Furthermore, the graph of f 3 in the neighborhood of point (1
2
, 1
2
) appears
ontrated by a fator
1
α
, eah time f 3is iterated with itself, where αis a
Feigenbaum onstant.
Let's justify the numerial results, as well as why similar gures are shown at
the 2n ritial points of f 2
n
near line y = x (see Fig. 3) These similar gures
are like saddle-node orbits trapped in the ritial points, and we will use them
for the mathematial analysis.
A saddle-node period-q∗2n orbit is obtained when the derivative of f q∗2n takes
value 1. This orbit is fored to a period doubling proess, a proess that will
our when the derivative takes value -1. Aordingly, the derivative vanishes
in some middle point, whih orresponds to a superyle. Therefore, we an
assoiate eah saddle-node orbit with a superyle.
Feigenbaum [2℄ introdued the quotient
δn =
Rn+1 − Rn
Rn+2 − Rn+1 (15)
where Rnis the value for whih Eq. (1) has a period-2
n+1
superyle in a
period doubling asade. The quotient (Eq. (15)) approahes aδ Feigenbaum
onstant.
Let's follow Feigenbaum and dene
δn =
rn+1 − rn
rn+2 − rn+1 (16)
being rnthe value where the period-q ∗ 2n superyle ours. Suh superyle
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is assoiated to a period-q ∗ 2n saddle-node orbit. Then we will get the same
results as Feigenbaum: the onvergene of the quotient (Eq. (16)) on δ onstant
(see Table 1). This result leads us to the denition of a family of funtions
similar to those reated by Feigenbaum in his work
As for Eqs. (15) and (16), we have to emphasize that we will work with super-
yles assoiated to orbits born of saddle-node bifurations instead of super-
yles assoiated to orbits born of pithfork bifuration as Feigenbaum does.
There is an important dierene with regard to the behavior of both kinds
of orbits in the parameter spae. The orbits of period doubling asade are
adjaent in a onneted set: an interval of the parameter spae. However, the
saddle-node period-q ∗ 2n orbits only exist in disrete points of the parameter
spae. Besides, saddle-node orbits that do not belong to the same asade an
be found between saddle-node period-q ∗ 2nand period- q ∗ 2n+1 orbits, whih
proves that the latter orbits are not adjaent. Let us mention other essen-
tial dierene between both bifurations: the pithfork bifuration has a loal
harater, whereas the Saddle-Node bifuration leads to a global qualitative
hange in the behavior of the logisti equation.
Bearing in mind the previous explanation and following Feigenbaum, we dene
( see Eq. (35) of [15℄)
g1,q = lim
n→∞
(−α)n f 2nRn+1,q
[
x
(−α)n
]
where the superyle assoiated to saddle-node period-q ∗ 2n orbit is obtained
at Rn,q, and q is xed.
From previous denition we dene a family of funtions (see Eq. (39) of [15℄)
gi,q = lim
n→∞
(−α)n f 2nRn+i,q
[
x
(−α)n
]
(17)
where q is xed, whih fullls the next equation (see Eq. (42) of [15℄)
gi−1,q = (−α) gi,q
[
gi,q
(
−x
α
)]
≡ Tgi,q(x) (18)
Taking the limit in Eq. (17) (see Eq. (40) of [15℄) the funtion onverges to a
limiting funtion
g(x) = lim
i→∞
gi,q (19)
This limit exists at a xed value of r, the Myrberg-Feigenbaum r∞, and
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it means that there is an aumulation point at r∞ for a saddle-node q ∗
2nbifuration asade.
It follows from Eqs. (18) and (19) that
g(x) = −αg
[
g
(
−x
α
)]
(20)
(see Eq. (43) of [15℄)
It follows from Eq. (20) that if g(x) is the solution of this equation then gq(x)
is the solution of
gq(x) = −αgq
[
gq(−x
α
)
]
(21)
This equation means that the iterated of gq is self-similarly saled by α. Pre-
isely, this is shown in Fig. 1, 2 and 3, in the neighborhood of
(
1
2
, 1
2
)
: the graph
of f 3, lose to a saddle-node bifuration, is repeated saled by a onstant. This
onstant is the nearer to α the bigger n is in f 3∗2
n
, if f 3∗2
n
has a saddle-node
bifuration (see Table 1). With this last reasoning all numerial results shown
in setion 2 have been veried.
The Eq. (20), that we have just found, is the Feigenbaum-Cvitanoviç equa-
tion, whih Feigenbaum utilized to show why funtion f is repeated in the
neighborhood of (1
2
, 1
2
) in a period doubling asade. If so, we wonder, why
the original work of Feigenbaum is not utilized to justify the self-similarity
of f 3in a saddle-node bifuration asade. The reason lies in the fat that
Feigenbaum reahed Eq. (20) from a limit of funtions assoiated with pith-
fork bifurations, and aordingly its validity is not justied when we work
with funtions assoiated with other kinds of bifurations, as is the ase with
saddle-node bifurations.
This is not the only dierene. It has been said that Eq. (20) is the limit of
Eq. (18) only at r = r∞, and Feigenbaum got this value on the left, i.e., with
r < r∞ whih is how a period doubling asade ours. However we have got
r∞ on the right, as saddle-node bifurations our for r > r∞. That is, the Eq.
(20) an be reahed by limits of funtions dened for both r < r∞and r > r∞,
and that explains why Eq. (14) generalizes Eq. (6) of Feigenbaum, as we will
see later.
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4.2 Derivation of the generalized Feigenbaum formula.
Feigenbaum [3℄ got the Eq. (6) from the equation
gi+1(x)− gi(x) = δ−ih(x) i≫ 1 (22)
where gi(x) is the family of funtions that we have utilized to dene the family
gi,q given by Eq. (17). gi(x) and gi,q are formally idential, but gi(x) refers to
pithfork bifurations and gi,q refers to saddle-node bifurations. In order to
dene well the Eq. (22) it is neessary to point out what h(x) and δ are, whih
are alulated from
δh(x) = Lgh(x) (23)
where
Lgh(x) = −α
{
g′
[
g(
−x
α
)
]
h(
−x
α
) + h
[
g(
−x
α
)
]}
(24)
where α and g(x) are given by the Eq. (20).
If we follow Feigenbaum, working with gi,q instead of gi, we will alulate an
equation idential to Eq. (22), i.e.,
gi+1,q(x)− gi,q(x) = δ−ih(x) i≫ 1 (25)
where gi,q is the family of funtions given by Eq. (17), whereas both h(x) and
δ are given by Eqs. (23) and (24). As both gi(x) and gi,q are idential and both
Eqs. (22) and (25), whih govern the former funtions, are also idential then
the result has to be the same: the Eq. (6). Although, this time the equation
refers to a saddle-node bifurations for r > r∞instead of a pithfork bifuration
asade for r < r∞, as Feigenbaum reahed, that is, the Eq. (6) is valid for
both r > r∞ and r < r∞. The thing is that depending on the fat that wether
r is smaller or bigger than r∞, the equation is assigned to one bifuration or
another.
The result of the former explanation is that Eq. (14), whih generalizes Eq.
(6), is obtained without the bifuration rigidity Priniple of Hunt et al. [14℄,
as it was done in setion 3.1, and it will be the starting point to generalize the
bifuration rigidity Priniple in setion 5.
Now we have obtained the equation whih governs bifuration points in saddle-
node bifuration asades. We must distinguish two ases: saddle-node bifur-
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ation asades with the same or dierent basi periods. In a q, q∗2, q∗22, .., q∗
2n, .. q 6= 2m saddle-node bifuration asade q will be named a basi period.
4.2.1 Saddle-Node bifuration asades with the same basi period
As shown in setion 3, there are dierent saddle-node bifuration asades
with the same basi period in the anonial window, whih are generated
beause the same period basi q is produed for dierent values of parameter
r. Aordingly, there are dierent values Rn,q , with xed q and n, and therefore
the family of funtions given by Eq. (17) are not the only ones, but there are as
many families as there are values of Rn,q (see setions 3.2 and 4.1). Given that
there are dierent gi,qfamilies then there are dierent equations like Eq. (25).
As Eq. (6) is obtained from Eq. (25) it turns out that there will be one Eq.
(6) for eah saddle-node bifuration asade. All equations will be idential
and all of them will approah to r∞, beause the limit given by Eq. (20) exists
only for r∞ whih does not depend on value of the Rn,q. What we have just
found is something already known: for eah xed period q there are dierent
saddle-node bifuration asades, eah one of whih is governed by the Eq.
(6), and all of them approah to r∞(see setion 3.2).
4.2.2 Saddle-Node bifuration asades with dierent basi period
For eah basi period there will be one saddle-node bifuration asade, and
therefore a family of funtions gi,q. Following the explanation of setion 4.2.1
there will be an equation like Eq. (6) for eah bifuration asade. All equations
will be idential and all of them will approah to r∞.
We have already found this result in setion 3 (see Eq. (8)).
4.3 Extension to non-anonial windows
Until now we have only been working in the anonial window, but it is not
diult to extend the results to any window. For instane, if we had worked
in a period-p window then a q ·2n saddle-node bifuration asade would have
ourred inside it. It would be enough to take into aount that the Rn,q of
Eq. (17) is the value for whih the superyle assoiated to a saddle-node
period-q ∗ 2n orbit ours, but this time inside a period-p window, so that the
whole proess is idential and the same universal results are obtained. The
dierene would lie in the fat that the approahing to the Eq. (20) would be
at a Myrberg-Feigenbaum point r∞,p of a period-p window instead of at the
Myrberg-Feigenbaum point r∞ of the anonial window. Therefore, if r∞ were
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substituted by r∞,p all equations valid in the anonial window would remain
valid in a period-p window.
4.4 Extension to funtions with a non-quadrati maximum
As we have generalized the results from a anonial window to an arbitrary
periodi window, one more generalization remains to be done: the results are
generalized to maps other than logisti ones.
In this paper, the work has been developed with Eq. (1), whih is topologially
onjugate to
xn+1 = x
2
n − c
The whole work ould have been developed with the funtion
f(x, c) = x2 − c
and it ould have been repeated in an idential way with the family of funtions
fn(x, c) = x
2n − c n = 1, 2, 3, ... (26)
The setions 4.1 and 4.2 an be rewritten, step by step, dening a new family
of funtions gi,q, whih are idential to the ones given by Eq. (17), but this
time f is replaed by Eq. (26). This new family of funtions applies to an
equation idential to Eq. (18), and it results in Eq. (20), whih has a solution
[18℄, one the maximum of g(x)has been xed as x2n , n = 1, 2, 3, ..., although
α and δ will be dierent, depending on the kind of maximum.
As the universal behavior omes from Eq. (20), and this remains idential, it
turns out that gqis self-similar, although we will have a dierent g(x) depend-
ing on the kind of maximum we hoose. We will see how the graph of funtions
x2n is repeated in the saddle-node bifuration asade.
The results relative to saddle-node bifuration asades remain the same, be-
ause these results ame from Eqs. (25), (23) and (24), whih did not hange
after f was replaed by Eq. (26) in gi,q. As everything is idential it turns out
that equations idential to Eq. (6) will be obtained, but the value of δ will
depend on the kind of maximum with whih we are dealing with.
In short, in this setion we have expound the onvergene to Feigenbaum
onstant α and the self-similarity of the funtion f q in the neighborhood of
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(
1
2
, 1
2
)
as it was shown in setion 2. We have also laid the foundations for a
generalization of the Feigenbaum Eq. (6) and, at last, we have generalized
these results to funtions with maximum like x2n , n = 1, 2, 3, ....
5 Generalization of Bifuration Rigidity Priniple
We have reahed Eq. (6) (see setion 3.1) oming from the bifuration rigidity
Priniple [14℄ for funtions with a quadrati maximum. The proof an be fol-
lowed the other way round, starting from Eq. (6) and reahing the bifuration
rigidity Priniple. If we start from Eq. (6), valid for funtions like Eq. (26), we
will arrive to the bifuration rigidity Priniple. This time it will be valid for
funtions like Eq. (26) and not only for funtions with quadrati maximum as
it was initialed expounded.
Let a funtion be like Eq. (26). Aording to setion 4.4, we know that both
suessive pithfork and suessive saddle-node bifurations are governed by
an equation like
rn+1 =
1
δ
rn + (1− 1
δ
)r∞ (27)
In period-j window suessive saddle-node bifurations will be governed by
rq∗2n+1,SN,j =
1
δ
rq∗2n,SN,j + (1− 1
δ
)r∞,j (28)
meanwhile in a anonial window the suessive saddle-node bifurations will
be governed by
rq∗2n+1,SN =
1
δ
rq∗2n,SN + (1− 1
δ
)r∞ (29)
Aordingly there is a linear transformation between both saddle-node bifur-
ation asades given by
rq∗2n+1,SN,j − 1δ rq∗2n,SN,j
rq∗2n+1,SN − 1δ rq∗2n,SN
=
r∞,j
r∞
(30)
For pithfork bifurations there is an idential equation
rn+1,j − 1δrn,j
rn+1 − 1δrn
=
r∞,j
r∞
(31)
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where n is related to n-th pithfork bifuration.
Let's take the intervals
[rn,j; rq∗2n,SN,j] and [rn+1,j; rq∗2n+1,SN,j]
in the period-j window and the intervals
[rn; rq∗2n,SN ] and [rn+1; rq∗2n+1,SN ]
in the anonial window. If a linear transformationmaps the interval [rn,j; rq∗2n,SN,j]
onto the interval [rn; rq∗2n,SN ]then Eqs. (30) and (31) will fore the interval
[rn+1,j; rq∗2n+1,SN,j] to be linearly transformed into the [rn+1; rq∗2n+1,SN ]. A-
ordingly the bifuration diagrams of both window are linearly hanged as set
by the bifuration rigidity Priniple, but this time the Priniple works with
x2n-maps and not only with quadrati maps. As the Eq. (27) is applied to
n ≫ 1, the smaller the windows are, the better the linear approximation to
the transformation will be.
6 Symboli sequenes and orbit ordering
Sequene priniple.- Let be a period-p∗(q∗2n) saddle-node orbit. The points
of this orbit lie inside the p ∗ 2n neighborhoods of the p ∗ 2n superyle points
of f p∗2
n
, eah one of these neighborhoods having q saddle-node points. Then
the sequene of the saddle-node orbit is obtained with the following proess
i) Write the sequene of the orbit of the superyle of f p∗2
n
, whih will be like
CI1.....Ip∗2n−1, where C indiates the enter and represents the point x =
1
2
and Ii , i = 1, ..., p∗2n−1 an take the values L (left) or R (right) with respet
to C.
ii) Write onseutively q times the sequene obtained in the former point i),
getting a sequene like
C1I1.....Ip∗2n−1C2I1.....Ip∗2n−1.........CqI1.....Ip∗2n−1.
iii) Write the sequene of period-q saddle-node orbit, that is, the sequene of
the saddle-node orbit of f q.
iv) Calulate (−1)n. If the result is negative then onjugate the letters obtained
in point iii) by means of L↔R. Bear in mind that n ∈ Z+.
v) Replae onseutively eah letter C1C2.....Cq of the sequene obtained in
ii) by the omplete sequene obtained in iv), keeping the order.
Proof
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i) Let be period-p ∗ 2n superyle at r = r0, in the period-p window, whose
points are {x1, ...xp∗2n}. The order in whih these points are visited determines
the sequene of the superyle orbit of f p∗2
n
, that is, CI1.....Ip∗2n−1.
ii) The funtion f p∗2
n
an be approximated by a quadrati polynomial g(x) in
the neighborhood of eah point of the superyle {x1, ...xp∗2n} [14℄.
The period-p ∗ (q ∗ 2n) saddle-node orbit of f ours when g(x) has a period-q
saddle-node orbit. This period-q saddle-node orbit is like {x0, g(x0), ....., gq−1(x0)},
with gq(x0) = x0. As g(x) is an approximation of f
p∗2n
to pass from point
gi(x0) to point g
i+1(x0) we will have to iterate p ∗ 2n times the funtion f ,
that is, the iterated of f visit the neighborhood of the points of the superyle
{x1, ...xp∗2n}. With eah p∗2niterated, the same neighborhood is visited again,
not to the same point but the following one of the period-q saddle-node orbit
trapped in this neighborhood.
With eah p ∗ 2n iterated of f we go bak to the same neighborhood of a
given point of the superyle. This neighborhood will be to the left or to the
right of the enter C, or it will be the point C itself. For the time being, let's
leave the neighborhood of the point C and let's onsider the period-q saddle-
node orbits trapped in the other neighborhoods. If this orbit is trapped in
a neighborhood to the left (right) of the enter C then all its points will be
plaed to the left (right) of C and they will generate an L (R) in the sequene
of the period-p ∗ (q ∗ 2n) saddle-node orbit. Therefore, writing onseutively q
times the sequene of the orbit of the superyle we would obtain the sequene
of the period-p ∗ (q ∗ 2n) orbit.
iii) A drawbak of the previous proedure takes plae when the neighborhood
of the point C is visited. For in this neighborhood not all the points of the
period-q saddle-node orbit are to the left or to the right of the point C. Appar-
ently, to solve the problem, it would be enough to alulate the sequene of the
period-q saddle-node orbit, and with this sequene to replae the C1C2.....Cq
of the sequene C1I1.....Ip∗2n−1C2I1.....Ip∗2n−1.........CqI1.....Ip∗2n−1. This is so
beause eah time the neighborhood of C is visited a point of the period-q
saddle-node orbit trapped in this neighborhood is visited.
iv) However there is a drawbak as the letters C1C2.....Cqare replaed by the
the letters of period-q saddle-node orbit, beause the period-q saddle-node
orbit is onjugated in the neighborhood of C, as the value of n is in f p∗2
n
.
This is so beause of the negative sign in Eq. (21). If n is even the sequene
holds and if n is odd the sequene is onjugated. Therefore to solve the problem
(−1)n is alulated and if this value is negative the sequene of the orbit is
onjugated.
v) Finally, it is enough to replae the letters C1C2.....Cq by the letters of the
period-q saddle-node orbit sequene orretly onjugated to obtain the right
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result.
Notie that it is enough to know the sequenes of the superyles of f 2
n
and
the primary saddle-node orbits f p to obtain the sequene of eah orbit in the
logisti map. Aording to the rule that we show here we get the sequene of
the superyle of f p∗2
n
in the period-p window, and from this superyle we
alulate the sequene of the period-p ∗ (q ∗ 2n) saddle-node orbit that will
our in a period-q window inside a period-p window.
Let's see how the priniple is used to obtain the period-3∗2 saddle-node orbit
sequene of Fig. 2, in whih p = 1, n = 1, q = 3.
i) This time there is a superyle of f 2, whose orbit is formed by the points{
1
2
, f(1
2
)
}
and its own sequene is CR.
ii) There is a period-3 saddle-node orbit whih is trapped in the neighborhoods
of
1
2
and f(1
2
), aordingly we write CRCRCR
iii) The sequene of the period-3 saddle-node is RRL, as shown in Fig. 1
iv) As (−1)1 = −1 the sequene RRL is onjugated to give LLR
v) Finally, the letters C of the sequene CRCRCR are replaed by the letters
of the orbit LLR, turning into LRLRRR. The rst letter indiates a plae
with respet to C, the point x = 1
2
. In Fig. 2 it an be observed that the
saddle-node orbit goes through as the sequene obtained .
The priniple of ordering shown above, for saddle-node orbits, is very similar
to the one desribed by Derrida et al. in [19℄ for superyle orbits.
Priniple of saddle-node orbits ordering.- Let be f the logisti map, if
q > s then the period-qp2nsaddle-node orbit ours at a value r smaller than
that for whih the period-sp2nsaddle-node orbit ours, that is, the period qp2n
preedes period sp2n in the parameter spae. We note it down like qp2n ⊲ sp2n
if q > s.
Proof
As the funtion f p∗2
n
an be approximated by a quadrati polynomial g(x) in
the neighborhood of eah point of the superyle {x1, ...xp∗2n} [14℄, it will turn
out that as g(x) has a period-s saddle-node orbit then f will have a period-
sp2n orbit , and as g(x) has a period-q saddle-node orbit then f will have a
period-qp2n orbit. Sine for the saddle-node q ⊲ s if q > s so qp2n ⊲ sp2n if
q > s.
Comments:
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i) Although we have a Sharkovsky ordering the priniple is not limited to
rst-ourrene orbits to whih the Sharkovsky theorem applies.
ii) We annot disard halfway orbits in this ordering, whih ome from other
values of n, p or q, that is, we have ordered non-rst-ourrene orbits althugh
all of them.
7 Conlusion
The Feigenbaum equation
rn+1 =
1
δ
rn + (1− 1
δ
)r∞
whih allows us to loate the suessive pithfork bifurations in a period
doubling asade, turns out to be an expression of a general nature. This
is applied to asades of other objets present in the logisti equation. For
instane, this expression rules, among other things, saddle-node bifurations,
Myrberg-Feigenbaum points, and the birth and death of some windows. That
is, not only the equation gives the ordering but also the parameter values for
whih suh objets appear.
An immediate onsequene of these results is the posibility to determine: the
saling of windows, the parameters of birth and death, the relative position
of the Myrberg-Feigenbaum points, the relative position of the attrators in
whih the period doubling asade nishes.
We would like to highlight another onsequene of these results, a new on-
ept: an attrator of attrators, whih oinide with the Myrberg-Feigenbaum
points.
The former results have been rst expounded with linear transformations ben-
eting from the properties of the windows (bifuration rigidity Priniple), and
later, part of theses results have been derived using the linearization of the
Feigenbaum-Cvitanoviç equation. Later the bifuration rigidity Priniple is
generalized to funtions with a maximum other than quadrati.
The onept upon whih the whole work relies is the saddle-node bifuration
asade, whih is a sequene of suessive saddle-node bifurations, whih in
turn double the number of saddle-node xed points. The bifuration points are
ruled by the same equation obtained by Feigenbaum for the period doubling
asade. By using the bifuration parameter given by saddle-node bifuration
asade, we follow the Feigenbaum work to end up in a Feigenbaum-Cvitanoviç
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equation, whih proves the universal behavior of our results, and it allows us
the generalization to maps other than the logisti one.
The saddle-node bifuration asade shows a further behavior similar to a
period doubling asade: it is self-similar after suessive iterations. Nonethe-
less, for a xed period that is dupliated in eah bifuration, there are dierent
saddle-node bifurations, however this they have the same aumulating point
and the same saling law.
The ordering of orbits missing from Sharkovsky theorem have been given, as
well as the ordering of Myrberg-Feigenbaum points assoiated to the windows
born of saddle-node bifuration asades.
Lastly symboli sequenes of the orbits found in the saddle-node bifuration
asade have been desribed.
We have summarized above the mathematial ontributions of our work. We
started the introdution by pointing out that any progress, in the logisti
equation, would also yield progress to Physis . We would like to quote the
self-similar asade of bifurations (....) it is haraterized by an in-
nite series of saddle-node bifuration of yles, aumulating at a
nite parameter value reported by Yeung and Strogatz [20℄. This meha-
nism oinides with the one desribed for a saddle-node bifuration asade,
where the aumulating parameter value is the Myrberg-Feigenbaum point,
whih will most likely make the phenomenon t in the framework desribed
in this work.
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Table 1
Period 3 · 2n Saddle-Node bifuration asade inside the anonial window. The
onvergene to α and δ Feigenbaum onstants is shown.
Period r3∗2n δ3∗2n α3∗2n n
3 3.82842712 0
3 ∗ 2 3.62655316 2.30066966 1
3 ∗ 22 3.58202300 4.5334294 2.52112183 2
3 ∗ 23 3.57253281 4.69223061 2.49753642 3
3 ∗ 24 3.57049971 4.66784221 2.50264481 4
3 ∗ 25 3.57006433 4.66971381 2.50263906 5
Table 2
Period 5 · 2n Saddle-Node bifuration asade inside the anonial window. The
onvergene to Feigenbaum δ onstant is shown.
Period r5∗2n δ5∗2n n
5 3.73817238 0
5 ∗ 2 3.60520807 1
5 ∗ 22 3.57751225 4.80088006 2
5 ∗ 23 3.57156559 4.65737406 3
5 ∗ 24 3.57029262 4.67144810 4
5 ∗ 25 3.57001998 4.66925870 5
Table 3
Period 3 · 2n Saddle-Node bifuration asade inside the period-3 window. The on-
vergene to Feigenbaum δ onstants is shown.
Period r3∗2n δ53∗2n n
3 3.85361311 0
3 ∗ 2 3.85031470 1
3 ∗ 22 3.84962047 4.75117756 2
3 ∗ 23 3.84947362 4.72747702 3
3 ∗ 24 3.84944223 4.67824148 4
3 ∗ 25 3.84943551 4.67113095 5
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Table 4
Period 3 · 2n Saddle-Node bifuration asade inside the period-5 window. The on-
vergene to Feigenbaum δ onstants is shown.
Period r3∗2n δ3∗2n n
3 3.744003 0
3 ∗ 2 3.74321655 1
3 ∗ 22 3.743050198 4.727522 2
3 ∗ 23 3.7430150831 4.737633 3
3 ∗ 24 3.7430075758 4.677634 4
3 ∗ 25 3.7430059688 4.671437 5
Fig. 1. Period-3 Saddle-Node orbit in the anonial window, for r ≃ 3.82842712.
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Fig. 2. Period-3 · 2 Saddle-Node orbit in the anonial window, for r ≃ 3.62655316.
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Fig. 3. Period-3 · 22 Saddle-Node orbit in the anonial window, for r ≃ 3.58202300.
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Fig. 4. Period-3 Saddle-Node orbit in the period-5 window, for r ≃ 3.74400300. The
shape of Fig. 1 is reprodued ve times; here is shown a magniation of the replia
near (1/2, 1/2).
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Fig. 5. Period-3 · 2 Saddle-Node orbit in the period-5 window, for r ≃ 3.74321655.
The shape of Fig. 2 is reprodued ve times; here is shown a magniation of the
replia near (1/2, 1/2).
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Fig. 6. One of the three possible period-6 Saddle-Node orbits lose to r = 3.97790000.
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Fig. 7. Period-6 · 2 Saddle-Node orbit in the anonial window, lose to
r ≃ 3.66840000. The shape of Fig. 6 is reprodued twie.
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